Stability of a Viscous Compound Fluid Drop

A compound drop composed of viscous Newtonian core and shell fluids is dis-
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turbed away from its motionless spherical state. The physical characteristics of

the drop determine the decay rates of any disturbance. This damping process is
accompanied by out-of-phase displacements of the two interfaces. Special limiting

cases of a thin and thick shell are investigated.
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SCOPE

A compound liquid drop, composed of a viscous Newtonian
fluid surrounded by a shell of another viscous Newtonian fluid
is studied here. Its equilibrium motionless state is a sphere in
which the internal interface is concentric with the outer
boundary when gravitational effects are small. A small distur-
bance will deform the drop slightly, but it eventually returns to
its initial state. When the inertial and gravitational effects are
negligible the disturbances are damped due to the dominant
viscous dissipation of energy and the surface tension forces. The
rate of damping and the relationship between the small dis-
placements of the two interfaces is determined. Their depen-
dence on the physical properties of the drop is also discussed.

Compound drops arise in technological areas, for example
the production of fusion target pellets, and in processing tech-

niques. In a laboratory, the construction of a layer around a drop
does not always yield a monolayer, but sometimes a thin mul-
tilayered shell. In this case, previous studies on the dynamics
of fluid interfaces (Miller and Scriven, 1968; Ramabhadran et
al., 1976) may not be appropriate. Also, if the shell fluid is suf-
ficiently thin, this layer can be considered as a thin coating to
a droplet in an emulsion or as a model of a viscous membrane
surrounding biological cells (Landman, 1983; Landman and
Greenspan, 1982).

The dynamic behavior of a compound drop to small distur-
bances is treated in a classical way using a linearized stability
analysis. The conservation equations governing the separate
fluids are linearized and then their eigenvalues and eigenvectors
are determined from a normal mode analysis.

CONCLUSIONS AND SIGNIFICANCE

A quadratic equation to determine the rate of damping of
small disturbances to a compound liquid drop composed of two
viscous Newtonian fluids has been obtained and analyzed. The
smaller decay rate determines the time scale for the drop to
return to its initial motionless spherical state. This damping
process is accompanied by out-of-phase displacements of the
two interfaces in the Py (cosf) shape; that is, the drop relin-
quishes its concentric configuration. In constrast, Saffren,
Elleman and Rhim (1982} found that for an inviscid compound
drop, the higher frequency oscillations were in-phase, while the

INTRODUCTION

The dynamics of droplets and their stability to small disturbances
has been of much interest in recent years. In this paper the dy-
namics of a compound drop composed of two viscous Newtonian
fluids is discussed. The purely oscillatory motion of an inviscid
compound drop has been studied by Saffren, Elleman and Rhim
(1982). Our work complements theirs, since it treats the viscous
rather than the inviscid limit of the equations governing the motion
of a compound drop. However, if the shell thickness is small, the
viseous boundary layer effects should be important in determining
the stability behavior of these drops. The work of Saffren et al.
ignores these effects. If inertial effects and viscous effects were of
comparable strength, damped oscillations would be evident.

Lamb (1932), Reid (1960), and Chandrasekhar (1961) have
analyzed the stability of a simple viscous and inviscid drop im-
mersed in another fluid. If the inertial effects are important the
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lower ones were out-of-phase, as defined in the discussion sec-
tion. The dependence of the fluid properties and the thickness
of the shell to the decay rates has been determined. In particular,
if 0;/a, or s/ is increased, the time scale of return to the
initial state is diminished. For thin shells, those often required
in processing techniques, the decay rate is of the order [(R,/R;)
— 11 and the relative displacement amplitudes of the outer and
inner interface is determined by the surface tension ratio. For
sufficiently thick shells, the boundaries effectively uncouple
and the drop acts as if the core fluid did not exist.

damping is also accompanied by oscillations. Miller and Scriven
(1968) address many of these problems and some limiting cases
(which also follow from this work).

The work of Patzer and Homsy (1975) incorporates a disjoining
pressure term in the fluid shell. This additional term can give rise
to an exchange of stability which indicates a possible rupture of the
droplet. However, the disjoining pressure is only significant when
the ratio of the thickness of the shell to drop radius is O(10~4). This
is many orders of magnitude smaller than the compound drops used
for example in the manufacture of laser fusion pellets discussed by
Kim et al. (1982) and Lee et al. (1982).

The following section 2 presents a-discussion of the dynamics
and stability of the compound, but the full mathematical analysis
can be found in the Appendix. Special limiting cases of a thin shell
are investigated following the discussion. Finally, a section dis-
cussing the general behavior of the damping process and its de-
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CORE FLUID
(Pul‘,)

Figure 1. Initial configuration of the two-fluid drop: Denslties p1,p,; dynamic
viscositles ji4,u; surface tensions 0,0,

pendence on the physical characteristics of the drop is pre-
sented.

DISCUSSION

The initial configuration of the compound drop is assumed to
be spherical, radius R,. The core fluid is spherical, radius R;, and
is surrounded by a uniform shell, thickness R, — R;, of another
fluid. The two fluids, which do not mix, are assumed to be very
viscous. This drop is immersed in another fluid and is in a state of
rest. It will be assumed that gravitational forces are small in com-
parison to the surface tension forces at the two interfaces, and that
the host fluid has low density and is much less viscous than the fluids
composing the drop, so that any dynamical effects from this ex-
ternal medium are negligible. The initial configuration is illustrated
in Figure 1. '

Any slight disturbance to the droplet causes it to deform and the
fluids to be set in motion, Energy will be dissipated by the viscosity
of the fluids and the drop will eventually return to its initial
quiescent shape. The nature of this process is investigated here; both
the decay rates and the relationship between the displacements of
the two interfaces will be discussed.

The equations which govern the incompressible, viscous fluids
are the usual conservation of mass and momentum equations, de-
scribed by the Navier-Stokes equations. The inertial terms will be
neglected since both fluids are supposed to be very viscous. The
boundary conditions to be satisfied are given by the normal and
tangential stress balance, which involve pressure, viscous stresses,
and surface tension forces. The velocity of the two fluids at their
common interface must be continuous and the radial velocity of
each interface must equal the radial velocity of the bounding fluid
(the kinematic conditions). Finally, the viscosity of the two fluids
prohibits any slip at the interior interface.

Since only small disturbances of the initial motionless state (with
constant pressures related to the surface tension forces) are con-
sidered, the equations governing the two-fluid system can be lin-
earized. These equations and the nature of their solution are given
in the Appendix. Here we describe the final system to be ana-
lyzed. :

In terms of spherical coordinates, where r is the spherical radius,
6 the polar angle, and ¢ the azimuthal angle, the surface of the
droplet slightly distributed away from a sphere radius R,, is given
by

r=R, + y(0.0.), |y| KR,, 1)
and the interface between the core and shell fluids is displaced from

radius R, as
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r=R; + x(6,¢,t) |x| <R, )

These displacements can be expanded in spherical harmonics:

y= i eMtY, P, (cosf) + i i eXntY, etmépm (cosfl),

n=2 n=2 m=1

%= i etX P, (cosf) + i f eMtX, etmsPm) (cosh),
n=2 n=2 m=1
8

where P{™ are the associated Legendre polynomials of degree n.
The A, depends on n but not on m as is usual (Landman and
Greenspan, 1982; Miller and Scriven, 1968), so that with no loss of
generality the m from the notation is dropped here; let Y,,,.X,, de-
note the arbitrary constants in the expansions. (These start withn
= 2, because the volume of the drop remains fixed as does the po-
sition of its center of gravity.)

In the Appendix, it is shown that a linear system of equations in
Y,, and X,, must be solved. This involves the A, terms due to the
time derivatives in the kinematic conditions. The equations can
be written in the following form; here u; and us are the dynamic
viscosities of the core and shell fluid respectively, o, is the inter-
facial tension at their common boundary, and o, is the surface
tension at the external boundary of the compound drop:

J _
LA )\n n—1
°y BeM 1K Y.l _fo "
cM™ 1K BeL — N\, |1Xa 0
wheren = 2 and
B=o0i/0o, d=p1/ue M =R,/R,,
_ 0o nn + 2)2n + 1)
poR; 2A ’

J=-M®"[2n2 + 1 + 28(n2—1)— M2 +1(1 — §)
(2n + 1)(n2=1)]P + M2»=3(1 — §)
(2n + 1Q + 2M ~2(1 — 62(n? - 1)(2n2 + 4n + 3),
P=2n(n+ 2) + 6(2n2 + 4n 4 3),
Q=2(n*+ 2n3—n2—2n + 3)
+ 6(n2—1)2n2 + 4n + 3),
K=—M2+lp(n + 2)2n — 1)P
+ M2—12n 4+ 3)}n2—1)[2(n2—1) + 6(2n2 + 1)]
=2(1 = 6)2n + 3)n2—1)2
+ 2M~2(1 — 0n2n + 2)2(2n — 1), (5)
L =-2M*(1 + 0)n2—-1)2n2 + 4n + 3)
—M=+12n 4+ 1)}nd + 2n3 —n2—-2n + 3)[2 + 6(2n + 1)]
+ 2M21on(n + 2)(2n — 1)(2n + 3)(n2—-1)
+ M2 3n(n 4+ 2)(2n + 1)n2-1)[2 - 6(2n + 1))
+ 2M %1 - &)n(n + 2)(2n2 + 1),
A=M*2n2 + 4n 4 3)[2n2 + 1 + 206(n2—1)IP
— M2+ 1(1 — 8)2n + 1)2%(n? + 203 —n2—2n + 3)P
+ 2M2=1(1 - d)n(n + 2)(2n — 1)(2n + 3)(nZ2—1)P
—M2=3(1 = é)n(n + 2)2n + 1)2Q
+ 2M~%1 — 6)2n(n + 2)(2n2 + 1)(2n2 + 4n + 3).

There are nontrivial solutions for the flow and pressure in the
disturbed droplet only if there exists a nontrivial solution to Eq. 4;
consequently the determinant of coefficients must be zero. This
gives
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(a)

(b)

Figure 2. Configurations of the compound drop In the P, (cosfl) mode: (a)
out-of-phase case corresponding to A;; (b) in-phase case corresponding to

A—c (X{I— + 6L)>\,. + Bc? (l\i/lL - M2"‘2K2) =0 (6)

A messy algebraic calculation'shows that A, and hence c, are
positive and that J, K, and L are negative for all relevant values
of the parameters (namely 38, 6 > 0, M > 1, n = 2). Also all the
coefficients in Eq. 6 are positive, so that the two solutions Ay
(dropping the subscript n) are negative:

As = -;—{—AJZ + L+ [(é - 6L)2 + 46M2"-2K2]l/ 2]. 7)

The corresponding eigenvectors, which determine the relative
amplitudes of Y,, and X;, are [Y,/X, ]+ where the ratio of the
entries is

- ﬂL) £ i(i - 6L)2 + 4BM2"‘2K2]1/2
M

8
2M"~IK ®)

.-t

The positive square root here corresponds to the Ay eigenvalue.
Consequently, regardless of the sign of (J/M) — SL, since K <0,
the slower decay rate A4, gives rise to a negative relative boundary
displacement. In this case the interfaces are called “out-of-phase.”
In contrast the relative boundary displacement of the faster
decaying solution, corresponding to A_, is positive, and is called
“in-phase.” Hence the drop relinquishes its concentric configu-
ration in the A4 case. Using a variety of parameter settings it can
be verified numerically that the decay rates increase with n so that
drop will usually decay through the n = 2 mode. These configu-
rations are illustrated in Figure 2. However, a higher mode may
be observed if the initial conditions are carefully arranged for its
excitation.

In general, numerical methods are required to investigate the
variation of Ay with the fluid properties (given by 3,8) and ratio
of the drop radius to core radius (given by M). For M of moderate
size [M ~ 0(1)], it was found that A_ < 0(10A;). Thus, only the
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out-of-phase displacements would be observed in any laboratory
situation. In other words, the e*+* solution will be the important
one in determining how the compound droplet regains its initial
state. However, if the ratio (Y,,/X, )+ is very large, only the outer
displacement will damp like e*+?. (See the thick shell case in the
following section.)

EXAMPLES AND LIMITING CASES

Expressions for several limiting cases can be deduced from the
work above.

Simple Drop. For comparison, the case of a simple, very viscous
drop composed only of shell fluid immersed in a much less viscous
medium is considered. This is analogous to setting the core radius
R, to zero and a similar procedure gives the decay rate of the
boundary r = R, + 2q-e*!Y,P, (cosh), (ignoring the ¢ de-
pendence):

0, n(n + 2)2n + 1)
uaR, 2(2n2 + 4n + 3)

n 9
These decay rates increase with n so that the droplet will decay
through the n = 2 mode as —1.0530,/ uoR,. Equation 9 is identical
to the Miller and Scriven (1968) result for a droplet of high vis-
cosity.

Thin Shell. When there is only a very thin layer of shell fluid,
weset M = R,/R; =1 + h, where h << 1. Then if the coefficients
in Eq. 6 are expanded in a Taylor series (in &) about M = 1, it can
be shown that the coefficient of A,, is

=0o(l + Bin(n + 2)2n + 1)
UoR;062(2n2 + 4n + 3)

+ O(h), (10)

while the constant term is 0(h2). Hence the slower decay rate is
determined by matching the linear and constant terms in Eq. 6,
giving

._]_ L~ M2n—2K2
M

A+ =fe = 0(h?). (11)

J

L L

M B
These increase with n, so that the n = 2 mode determines the rate
of decay. For moderate values of 8, whenn = 2,

g0,

X 7. _
* wiR(o; + 0,)

T R =

(4-8)h2,

(12)

When 6 ~ 10 or larger, |A4| is slightly larger than this, and when
0 = 0.1 or smaller, it is slightly smaller.

The other eigenvalue A_ is found by matching the quadratic and
linear terms of Eq. 6. This gives

__loi+ go)n(n + 2)@2n + 1)
A wRy  22n%+ 4n +3) +O(h) (13)

Notice that to highest order A_ is equal to the decay rate for a
viscous drop, radius R;, composed entirely of the core fluid (vis-
cosity u,), if its surface tension is replaced by ¢; 4+ o, (see the
simple drop case above).

Excluding 0(h) terms the solutions are asymptotic to

er+t [-—ﬂll y ert H . (14)

Thick Shell. In this case, let M — . Then the dominant terms
in 4, J, K, and L must be studied. It can be easily verified that

O nn+2)2n+ 1] J_
As #oR; 4A {(M + 8 L) * \M 6"”

(15)

where

April, 1985 Page 569



J~=M#[202 4 1 + 28(n2 — 1)]P
K~ —=M2+ln(n 4+ 2)P
L~=2M%"(1 + 6)(n?2—1)2n2 4 4n + 3) (16)
A~M7(2n2 4+ 4n + 3)[2n2 + 1 + 286(n2 — 1)IP.

Equation 15 is obtained from Eq. 7 using the fact that 46M2n—2K?2
& (J/M = BL)? as M — ». Consequently,

o, n{n + 2)(2n + 1)
usRM 2(2n2 + 4n + 3)

>\+~—

_ 0, n(n + 2)2n + 1)
waR, 2(2n2 + 4n + 3)

a7

and

A ~—

other curves, when M is close to 1, the ratio A is very small, given
by O((M — 1)2), as seen by Eq. 12. This is the thin shell approxi-
mation. As the thickness of the shell increases, the ratio increases,
and it asymptotes to 1. This confirms the behavior given by Eq. 17
in the limit M > 1.

The ratio of the viscosity and surface tension coefficients influ-
ence the ratio A and therefore A} in the following way. If 4 is fixed,
increasing 3 increases the decay rate. If 3 is fixed, decreasing &
increases the decay rate. So for example, increasing the viscosity
of the shell fluid is a stabilizing effect—the motion of the droplet
is damped more quickly because of the increased energy dissipi-
tation.

Similar qualitative behavior is exhibited for any n, and the decay
rates increase with n. As mentioned previously, the n = 2 mode
dominates the stability of the compound drop. However, a higher

Boo(1 4+ d)n(n + 2)2n + 1)(n2-1)

uoRi(2n2 + 1+ 20(n2 —1)|2n(n + 2) + 6(2n2 + 4n + 3)]

oi( + pgin(n + 2)(2n + 1)(n%—1)

Further, the two linearly independent solutions e*![Y,,/X,,| are

asymptotic to
1 0
Ayt ) A-t ’ 19
ol |l 0

as M — o, Therefore the boundary displacements become un-
coupled as the outer radius becomes very large compared to the
inner radius. In fact the asymptotic form of A represents the decay
rate exhibited by disturbances of a viscous simple drop of shell fluid,
radius Rg. The drop acts as if the small inner core did not exist. It
is not difficult to show that the asymptotic expression for A_ is the
decay rate of disturbances of a viscous simple droplet of core fluid,
radius B;, surrounded by a viscous host fluid made of the shell fluid,
which extends to infinity; that is, the inner core acts as if the thick
shell (large radius compared to the inner radius) extends to infinity.
(This expression for A is also given in Miller and Scriven,
1968).

Note also that if u; >> e, A- reduces to the decay rate obtained
for a highly viscous () simple drop immersed in a fluid of negli-
gible viscosity and density. Similarly the other limit, g >> u) gives
the decay rate for a cavity in a high viscosity fluid (Miller and
Scriven, 1968).

GENERAL BEHAVIOR

As mentioned in the discussion section above, in order to inves-
tigate the variation in A,, for different fluid properties, the solutions
to the quadratic equation must be evaluated numerically. Some
general results will be discussed here.

Since A+ evaluated at n = 2 is the slowest decay rate, it deter-
mines the time scale for decay. The eigenvector corresponding to
this tells us that the displacements of the exterior and inner surfaces
are always of opposite sign. Only as M — « do the inner and outer
interfaces essentially act independently of each other (see the
preceding thick shell case).

In Figure 3, the vertical axis is

_Oo
A= >\ /( ,u2R 19) (20)

Here the numerator is the smallest decay rate (evaluated forn =
2) of a compound drop with prescribed values of the 6 and 3. The
denominator is the smallest decay rate for a simple drop composed
of the shell fluid, of radius R (that is R; = 0); it is found by setting
n = 2 in Eq. 9. Figure 3 illustrates the variation of their ratio with
M = R,/R;. Some remarks regarding this figure follow.

When ) = us(6 = 1) and g; = 0, then in the viscous approxi-
mation the two fluids of the drop are identical, and in effect there
is only one boundary and one decay rate, giving A = 1. For all the
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Ri2m1(n®— 1) + pa(2n® + DJm(2n? + 4n + 3) + 2uon(n + 2)]

mode may be observed if the initial conditions are carefully and
specifically arranged for its excitation.

Figure 4 gives a measure of the ratio of the outer and inner dis-
placements corresponding to the decay rates in Figure 3. It can be
seen that these displacements are of opposite sign, giving rise to the
out-of-phase configuration discussed earlier and illustrated in
Figure 2b. For thin shells (M — 1), this ratio is just — and so is
determined by the surface tension forces. As the shell thickness
increases, the viscous forces play a role. As M becomes sufficiently
large, the ratio becomes large, which means that the eigenvector
approaches [1,0], as in Eq. 19. This corresponds to the effective
uncoupling of the two boundaries. (The curve corresponding to
0 = f8 = 0.01 also increases, but does so only for M > 10). Again,
fixing 6 and increasing £ increases the ratio of the displacement
amplitudes. Decreasing 8, for fixed (3, has a similar effect.

This study was carried out on the assumption that the viscosities
of the two fluids were very large, and also much greater than that
of the surrounding medium. If the inertial terms for the drop and
the external medium are included in the analysis, the decay rates
will no longer be real. They would involve a small imaginary part,

—T— T T
1 3 5 7 9 1

M
Figure 3. A vs. M for different fluid properties: (1) § = 8 = 0.1; (2) § = 10,
B=2(8)0=8=1;(4)6=8=10;(5)5=1,8=10;(6)d =0.1,8 = 10;
(Mé=1,8=o.
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M
Figure 4. —( Y2/ X3} vs. M for different fluld properties: (1) § = § = 0.1;(2)
6=10,=2;(3)0=08=1(8)6=8=10;(5)6=1,8=10;(8) 6 = 0.1,
=10.

so that the drop would return to its initial motionless state through
a series of oscillations with decreasing amplitude. The case of a
simple drop immersed in another fluid has been discussed by Miller
and Scriven (1968), and various cases exhibiting damped oscillations
arise. Again, for high viscosity fluids, there are no oscillations, only
an aperiodic return to the spherical shape.
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NOTATION

c = algebraic expression used in decay factor evalua-
tion

h = relative thickness of the shell fluid = M -1

J.K,L = algebraic expression in decay factor evaluation

M = ratio of the initial radii R,/R;

n = modal index of Legendre polynomial P,, (cosf)

P = algebraic expression used in decay factor evalua-
tion

Po.,P™ = Legendre polynomials

Q = algebraic expression used in decay factor evalua-
tion

r = radial coordinate

R; = initial radius of core fluid

R, = initial radius of compound drop

x = inner radial displacement

Xn.Xam = amplitude of displacement to core radius

y = outer radial displacement

Yn.Ynm = amplitude of displacement to outer radius
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Greek Letters

8 = surface tension ratio o,/ g,

5 = viscosity coefficient ratio t1/us

A = algebraic expression used in decay factor evalua-
tion

AnsA 4 A = decay factors

I = dynamic viscosity of core fluid

He = dynamic viscosity of shell fluid

P1,P2 = density of core and shell fluids, respectively

gy = surface tension coefficient at common interface
between core and shell fluid

T, = surface tension coefficient at exterior boundary of
compound drop

6.¢ = angular coordinates

APPENDIX

The fluid problem concerns viscous, low Reynolds number flow
of the two incompressible, Newtonian fluids composing the com-
pound drop. It is assumed that the effects of gravity and the much
less viscous external medium are negligible. Initially the two fluids
are at rest and the two interfaces are concentric and spherical, ra-
dius R, and R, (R, > R;). Let py, u) and po, pts be the density and
dynamic viscosity of the core and shell fluids respectively; let o,
be the interfacial tension between the two fluids, while g, is the
surface tension of the shell fluid with the surrounding medium. The
fluid pressures in the core and shell fluids in this state of rest are

— 20, 4 — 20 o,

p=%P —_— P =
P +R{ Ro

(A1)

The equations of motion which describe the motion of these
fluids are highly nonlinear. However, if the drop is deformed
slightly only small deviations about the initial state of equilibrium
need to be studied. This results in a linearization of the equa-
tions.

In terms of spherical coordinates, r and 8, the small deviations
in the radial and latitudinal velocity components and fluid pressure
in the core fluid are u(r,0,£),0(r,0,t),p(r,0,t), and for the shell fluid
U(r,0,t),V(r,0,t),P(r,0,t) respectively. The ¢-dependence and
longitudinal velocity components are ignored here since the final
system describing the evolution behavior of the perturbations is
the same for the axisymmetric and asymmetric cases (Landman
and Greenspan, 1982; Miller and Scriven, 1968).

The linearized equations governing the core and shell fluids are
as follows.

Core Fluid: r <R,

Mass Conservation:

,l (v sind)s = 0. (A2)
r sinf

Momentum Conservation:

1
ﬁ(rzu), +

1
Prite = —pr + p1 > Vru), (A3a)
1 2 v
=-- V2% + Sup————].  (A3b
P 1v: S Pet ( e L ey yenr . (A3b)
Shell Fluid: R, <r <R,
Mass Conservation:
lz (r2U), + ——1—(V sinfl)g = 0. (A4)
r r sinf
Momentum Conservation:
1
pUy = =P, + o = V¥rU), (A5a)
1 2 \%
V,=—= 2V 4 = Up————|- (ASb
p2V, T’Pa'*' ﬂz(VV+r2Ua pryenry) (A5b)
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Let x(6,t) be the displacement of the.inner interface from the
initial spherical configuration radius R;; similarly, let y(8,¢) be the
displacement from the initial radius R, of the compound drop. The
boundary conditions expressing the balance of forces at the two
interfaces involve pressure, viscous stress, and surface tension
forces.

Normal Stressonr = R;:

-p+ 2/.L1u, =—P + 2uU, + — [ (sinflxg)g + 2x]

R?

(A6)

Tangential Stress on r = R;:
mi(ug + Ro, — 0) = po(Up + RV, — V). (A7)

Normal Stress on r = R,:

— P+ 2uU, = R L 10 (sinflyg)s + 2y‘ (A8)

Tangential Stress on r = Ry:
Ug+ RV, — V=0 (A9)

Furthermore, since the fluids are viscous, both the radial and
tangential velocity components must be continuous at the interface
between the core and shell fluids. Also a kinematic condition at both
interfaces requires the radial velocity of the interface to equal the
radial velocity of the fluid at the interface.

Continuity of velocity components and kinematic condition on
T = Rii

o=V (A11)
u = x. (A12)

Kinematic Condition at r = R,:

It will be assumed that the flow in the two fluids has low Reyn-
olds number, that is, | pyu;/ u1r~1V(ru)| and | p2U,/ por ~19v(rU)|
are both much less than unity (similar expressions involving v; and
V; must also be valid). Then the lefthand sides of Eqs. A3 and A5
can be approximated by zero. These equations are then the lin-
earized, viscous limit of the Navier-Stokes equations for incom-
pressible fluids. These equations can be rewritten to give the
pressures as harmonic functions. Solutions to the modified Egs. A3
and A5 can be expressed in terms of spherical harmonics, the Le-
gendre polynomials P,, (cos8).

For the core fluid in the region r <R;,

cn

eMtF, (R )  (cosl)

(T )"+ 1] P, (cosf),

11

ool

o=3 et é’i(L)"_l
i

n=1 n \R
{n + 3)F, (—r_)nﬁ—l i
2ui(n + 1)(2n + 3) \R; df

and for the shell fluid in the region R; <r <R,

(Al4)

P, (cosf),

r

P= i eMnt [(;ﬂ (R—)n + H, (l%)_n_ll P, {(cosf),

n=0 1
@ -1 r\—n—2
U= At [Co LA D. |—
nz=:1 ¢ [ (Ri) o R;
nG, rintl  (n+ 1)H, [r}-n
A S U = m P, (cost
+ 2uqx(2n + 3) (R,) M 2uz(2n — 1) (Ri) ] (cosf)
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BB

= n AR n + 1\R,
(n + S)Gn L)"+l
2uz(n + 1)(2n + 3) \R,
__(n—2)H, (r}="
Quan(2n — 1) (R‘) ] 48 , (cosl), (Al5)

where An, Cp, Dy, Fp, Gy, and H, are arbitrary real constants.
Solutions to the surface disturbances are expressed as

w©

> eMiX, P, (cosh),

”
1l

i eMntY, P, (cosf).

Y (A16)

(There are no modes corresponding to n = 0, 1 since the volume
and position of center of gravity of the perturbed droplet must
remain fixed.)

These expressions are now substituted into all the boundary
conditions, except for the kinematic conditions, Eqs. A12 and A13,
and then A,, through H,, can be solved in terms of X, and Y,,. Here
M =R,/R;.

Equation A6:

_(nz-—-n-—S)

- 2#1(” - I)Aﬂ (2’" T 3)

n

(n2—n—38)

- 1)C, — 2 2)D
+ 2ug(n — 1)C, Mo(n + 2)Dy, + Gn 13 om

n24+3n—1) oy
—————— H,=—(n + 2)(n — 1)X,,
i o+ 20— DX,
Equation A7:
2uq(n — 1) nin + 2)
n " (n+ 1)2n + 3)
_ 2pg(n —1) c. — 2ug(n + 2)
n " n+1n 7
2
___n(n+2) _ (%=1 H, =0,
(n + 1)2n + 3) n(2n — 1)
Equation A8:
2ug(n — 1)C,M™™ 1 — 2us(n + 2)D,M "2
Mchvwl
(2n + 3)
n24+3n-1) B O,
- H M= — 22 (n + 2)(n — 1)Y,, (Al
o o (n 4 2 = 1Y, (AL7)
Equation A9:
20 =0 oy 20D
n (n+ 1)
n{n + 2) nal (n2-1)
— L H M =0,
ioln + D)@n + 3) " ugn(@n— 1) "
Equation A10
Ay g —n o _p - "G
2u1(2n + 3) 2u2(2n + 3)
(n+1)
2us@n—1) " 7
Equation All:
An (n + 3) _Cy . D,
no 2un 4+ 1)@2n+ 3)"" (n +1)
_ (n + 3) (n—2) H =0
2usln + D)2n + 3) " 2uen(@n—1) " ‘

Finally, each of the six coefficients, being expressed in terms of
X, and Y, can be substituted into the kinematic conditions, Egs.
Al2 and A13:
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nF,
" T 2men 1 38)
nG,
2us(2n + 3)
(n+1)
2us(2n — 1)
this results in the linear system, which must be solved for n > 2:

[au —A a2 ”Yn‘ - I()]
asy age — An1Xn 0

The coefficients a; are functions of uy, pg, 6y, 65, M =R, /R;, and
n. They are omitted here for brevity but can be found in the dis-
cussion section of the paper.

A = A Xy,

n+1

C,,M"_l + DnM—n—2+

HM™ =\, Y,; (Al8)

(A19)
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